Abstract. In this contribution I will review some of the researches that are currently being pursued in Padova (mainly within the In:Theory and Strength projects), focusing on the interdisciplinary applications of nuclear theory to several other branches of physics, with the aim of contributing to show the centrality of nuclear theory in the Italian scientific scenario and the prominence of this fertile field in fostering new physics.
Introduction
The aim of the present manuscript is to summarize part of the research lines that have been recently pursued in Padova. While most of these could be classified as nuclear theory (Strength project of the INFN section in Padova), interdisciplinary research has been pursued in a broader field that goes from nuclear astrophysics to molecular and to subnuclear physics. We will give three examples, one related to the solution of the famous electron screening puzzle in nuclear astrophysics [1, 2] , one related to application of algebraic theories to diatomic molecules caged in a fullerene [3] and one to an algebraic theory for Λ particles in nuclei [4] .
Electron screening puzzle
Nuclear reactions in stars happen at energies around the Gamow peak E G << E C.B. , much lower than the energy of the Coulomb barrier, at the presence of an electron plasma that creates a screening effect that enhances the reaction cross-sections at these ultra-low energies. At these energies tunneling of the potential barrier becomes dominant and the typical exponential behaviour of the cross-section with energy can be removed by defining the S-factor as:
S(E) = Eσ(E)e 2πη(E) (1) where η = Z 1 Z 2 e 2 / v is the Sommerfeld parameter that depends on the charges of the two reactants and their relative velocity. Target materials in laboratory also have electrons bound in atoms, molecules or crystals' bands. Therefore the laboratory cross-sections, σ s , and that in the stellar environment usually differ with each other and they are enhanced with respect to the cross-sections obtained from bare nuclei σ b (these could, in principle, be measured in beam-on-beam experiments). It is mandatory that the bare values should be extracted from beam-on-target experiments, in order to understand the effects of screening and to be able to relate the laboratory and the stellar cross-sections. An enhancement factor f lab (E) is usually defined [5] :
that depends on the electron screening potential in laboratory experiments. The idea is that one measures the laboratory value, σ s , obtains the bare cross-section and from that guesses the stellar value by applying a plasma enhancement factor, σ pl (E) = σ b (E)f pl , according to the Debye-Hückel theory, that depends on temperature, density and other variables of the stellar environment. Often it is impossible to account for the large values measured in direct experiments with available atomic physics models and this discrepancy has become known as the 'electron screening puzzle'. The resolution of this conundrum is very important for applications of nuclear reactions to astrophysics and deserves special attention. In Ref. [1] , we have shown how this puzzle can be explained in terms of nuclear structure effects, namely clusterization of one or both reaction partners. The idea that nuclei exhibiting a more or less pronounced cluster structure are related to the electron screening comes from the observation that the list of nuclei with large discrepancies between the experimental and the theoretical (atomic physics models) values of the screening potentials contains exactly those nuclei for which a cluster structure has been proposed or identified (See Table I ). If the effect is absent (or almost absent) in the first group of reactions involving Z=1 species, it becomes important for reaction involving 6, 7 Li and Be that are known to possess cluster structures in their ground states. This phenomenon occurs in those nuclei where a sort of molecular bound state between two clusters is energetically favored with respect to a spherical shell-model configuration. Not all nuclei have cluster states, nor cluster configurations, whenever they occur, necessarily take up to 100% probability, but when they are present, they significantly alter the dynamics of fusion reactions (and others such as breakup, radiative capture processes, etc. [6, 7] ).
The position and shape of the potential barrier thus depend on the geometry of the cluster structure (left panel of Fig. 1 for an example of parameterization of two dicluster nuclei impinging on each other), i.e. on the sum of Coulomb and nuclear potentials between each pair of fragments as
where the function depends on the relative inter-cluster distance d, that we keep constant (and equal to ∼ 3.85 fm obtained from the cluster model formula (A.4) of Ref. [7] ). The tunneling probability can be calculated, at energies below the barrier, in the WKB approximation as P = e −2G , where the Gamow tunneling factor is given by
The angle-averaged penetration probability as a function of bombarding energy is displayed in the last panel of Fig. 1 . It is clearly larger than the analogous calculations for sphere-onsphere and shows that the effects of clusterization on nuclear fusion at stellar energies cannot be disregarded. These effects become less pronounced at higher energies. Further studies and experiments are needed before one can say that we have a full understanding of these phenomena, but a first significant advance toward the resolution of the electron screening puzzle has been achieved by recognizing the role of cluster effects.
Endohedrally confined diatomic molecules
As an example of application to the realm of molecular physics, we will discuss a new algebraic theory of endohedrally confined diatomic molecules. The buckminsterfullerene molecule, or simply fullerene C 60 , is composed of 60 carbon atoms placed at the vertices of a icosahedral solid. The interior is almost hollow, except for the tails of the electron wavefunctions, and large enough to host other small chemical species, such as atoms and diatomic molecules. These are said to be endohedrally confined and the whole system is called a supramolecular complex, indicated with the @ symbol. For example the notation H 2 @C 60 refers to a diatomic hydrogen molecule trapped inside a fullerene as in Fig. 2 . These systems are not bound by electric charge as in ionic molecules, nor by the mutual exchange of electrons as in covalent molecule, nor by some effective dipole-dipole (or higher order) potential as in Van der Waals molecules. They are simply trapped by spatial confinement and the dimension of the spherical cage (the icosahedral symmetry can be disregarded to all practical effects, unless one is looking for tiny splittings due to the highly symmetrical environment) is small enough that the motion of the trapped molecule inside it exhibits quantization and this quantization quite significantly alters the spectral properties. These systems have been produced thanks to an ingenious series of chemical reactions, known as 'molecular surgery' [9] , that open a hole in the fullerene, force the gas in by applying pressure and then seal the molecule back to its original shape. Thus endohedrally confined species can be synthesized in the range of milligrams, well enough for experiments. Infrared absorption, nuclear magnetic resonance and inelastic neutron scattering experiments have been performed and the status of both spectroscopic knowledge and traditional theoretical models is quite advanced (See [10, 11, 3] and references therein). We have seen the opportunity to simplify and generalize the theoretical approaches to this system with an algebraic theory, inspired to common treatments in the nuclear physics domain. The theoretical treatment starts from the description of the free diatomic molecule as in the Vibron model of Iachello and Levine [8] . The rotations and vibrations of such a molecule can very well be described with a u(4) Lie algebra arising from a scalar (s, L = 0) and a vector (p, L = 1) bosons. The dynamical symmetries originating in the unitary algebra u(4) and ending in the orthogonal algebra of the angular momentum so(3), describe a large class of possible hamiltonians ranging from rigid structures with prevalent vibrational motion to easily deformable floppy molecules. The free hydrogen molecule is well described in the so-called so(4) limit of the vibron model [12] . We have coupled this well-known analytic description to another Lie algebra, u(3) that is used to model the effect of spatial confinement inside the cage. The three components of the vector boson q (with L = 1) are related to the displacement of the molecule as a whole from the equilibrium point at the center of the cage.
The dynamical symmetry that we consider thus amounts to
where the quantum numbers associated with the Casimir operators of each algebra are also given. As usual, ω is replaced by the vibrational quantum number v through v = 1 2 (N p − ω). The set of quantum numbers (vJN q LΛ) can be used to label the states of the system.
The total Hamiltonian isĤ
where the first term is the vibron model Hamiltonian for rotations and vibrations of a diatomic molecule, the second is the quantized motion of the molecular center-of-mass inside the cage, and the last term includes molecule-cage couplings. The u(4) vibron model Hamiltonian can be modeled as followŝ
in terms of a so(4) dynamical symmetry plus higher-order Dunham-like corrections:
giving the energy formula
where ω = N p , N p − 2, . . . , 1 or 0 and J = 0, 1, . . . , ω. The u q (3) dynamical symmetry gives instead
that can be immediately translated into eigenenergies, using the eigenvalues of Casimir operators:
where N q is the number of quanta and L is the orbital angular momentum. Finally the cage-molecule couplings could be of several types, but we have selected those that might be relevant and proposed the following interaction: 
where the parameters can be adjusted to model the effects of the coupling. The [Q (2) p ×Q (2) q ] (0) quadrupole-quadrupole interaction lifts the degeneracy of Λ = 0 multiplets, giving the correct and somewhat unusual ordering seen in experiments. The matrix elements can be found in Ref. [3] . Formulas (10) and (12) plus the diagonalization of the coupling terms (13) give a practical and accurate way of modeling the caged H 2 molecule.
Extensive numerical investigations and minimization of theory-to-experiments least square differences, using a body of about 70 transition lines, has lead us to a set of parameters that improves the overall theoretical description with respect to competing theories (for example we have only 10 parameters for all possible vibrational quantum number v bands, while others have been fitting these bands separately with a larger number of parameters) and allows to suggest that a few published level assignments were probably incorrect. But the greatest advantage is that it gives a unique theoretical framework that contains all symmetry-allowed terms, even without the precise knowledge of each atom-atom interaction. The lowest portion of the spectrum, that differs in several respects from that of the free molecules (energy shifts and splitting of energy levels) is given in Fig. 3 , where one can see several effects, for example the lowering of certain groups of states with increasing value of v or the increasing splitting with increasing values of L, etc.
Our theory is at the same time easier and more universal than previous fits based on direct solution of the Schroedinger equation and allows to make predictions for yet-to-be-measured states. It might seem that this type of theoretical models based on Lie algebras do not contain directly an expression for the interactions between the constituents, i.e. some V ij (r ij ), and this is disturbing to many, but the advantage is that this information is not needed at all: if the hamiltonian complies with a certain symmetry (dynamical symmetries from higher/bigger algebra down to angular momentum SU(3) or SU(2)) the spectrum is automatically analytically known and the phenomenology boils down to the coefficients of the energy formulas. This is a very desirable tool.
Algebraic model for hypernuclei
We turn our attention now to applications in the realm of particle physics by describing an algebraic theory that applies to hyperons bound in a nuclear environment.
A series of experiments at KEK-PS SuperKaonSpectrometer measured the yield of Λ particles inside medium-mass or heavy nuclei. These particles have been produced in different angular momentum states inside the nucleus, but a complete theoretical understanding is still incomplete [13] . In particular, single-particle Λ states with orbital angular momentum ranging from l = 0 to l = 3 have been clearly identified in medium-heavy 89 Λ Y hypernucleus using the (π + , K + ) reaction spectroscopy [14, 13] . These single-particle levels have been theoretically analyzed with the distorted-wave impulse approximation (DWIA) based on shell model calculations [15] .
There have been nice theoretical works based on extensions of the shell-model that include that Λ degree of freedom and we can propose a model based on Lie algebras that is, in general, equivalent to an anharmonic oscillator. In this approach, single-particles levels are classified according to the underlying symmetries. We use a simple su(3) bosonic symmetry for the anharmonic oscillator and an even simpler su(2) fermionic symmetry for the inclusion of the hyperonic degree of freedom. The energy of each level is then given in terms of expectation values of Casimir operators associated with the following dynamical symmetry
that is the only possible dynamical symmetry arising in this simple scheme. We consider the following Hamiltonian:
represents the anharmonic oscillator with α, β, and γ as free parameters. The Casimir operators
The spectrum is:
where N is the number of quanta and L is the orbital angular momentum of the Λ particle. The fermionic part of the Hamiltonian is:
and the energy spectrum is
The representations of u(2) are given by a pair of numbers [λ 1 , λ 2 ]. Since there are only three possible fermionic states, the formula can take the values: Experimental hypernuclear mass spectra of 89 Λ Y and fit based on the algebraic model.
The final energies for hypernuclei are thus
where the last term is given by Eq. (20), depending on the number of Λ particles in the system. An application of our formula is made on the 89 Λ Y and 51 Λ V hypernuclei. The measured crosssections (integrated in the 2 o -14 o range) for the (π + , K + ) reaction leading to the formation of the hypernuclei show several peaks as a function of energy [13] , that are interpreted as corresponding to different angular momentum states of the Λ particle.
Our fit has the same main ingredients of the work of Hotchi, namely gaussian functions with parametric width, but the advantage is that the centroids are related to our energy formula (details in [4] ). In general we have fits of the same statistical value, but with a smaller number of parameters and with a theoretical framework for the peaks. Our results are summarized in Fig. 4 and 5 and Tables 2 and 3 , where one can read off the best parameters to fit the data within the algebraic model.
One can see that our algebraic model nicely reproduces the data and gives an interpretation of peaks according to (an)harmonic oscillator quantum numbers, describing the major shells and the angular momentum energy shifts. One would ideally include higher order effects (spinorbit coupling for example) with the aim of getting even better agreement with data, but the present level of accuracy seems adequate to the energy resolution that the data points display. Of course this model is very simple and it might become more and more incorrect as long as one goes close to the Λ separation threshold (inasmuch as the harmonic oscillator shell model Table 2 . Parameters for the best fit of the empirical mass spectra of 89 Λ Y. The parameters α, β, γ and E Λ are in MeV, while a N L are in µb MeV. Table 3 . Same as Table. 2, but for the 51 Λ V hypernucleus.
has been abandoned in favour of the Wood-Saxon potential well), but it gives a nice way of classifying states according to a simple theoretical scheme and it can easily be extended to more species or to particles with higher spin.
Conclusions
We have shown applications of nuclear physics theories or models inspired to typical nuclear physics model in very different branches of physics like molecular physics, nuclear astrophysics and hypernuclear physics, with energies ranging from meV to keV to GeV. Our project, aimed at interdisciplinary applications of nuclear theories to other fields, has generated a large amount of new (and hopefully interesting) physics and we are determined to continue on this track. Our future endeavours will be the proposal of a new method to solve the non-relativistic Schroedinger equation, with the aim of applying it to atomic. molecular and nuclear physics cases.
